Anomalous behaviors of the diffusion and mixing of chaotic orbits due to the intermittent sticking to the islands of normal tori and accelerator-mode tori in a widespread chaotic sea are studied numerically and theoretically for Hamiltonian systems with two degrees of freedom. The probability distribution functions for the coarse-grained velocity (characterizing the diffusion) and the coarse-grained expansion rate (characterizing the mixing) turn out to obey an anomalous scaling law which is quite different from the Gaussian. The scaling law is confirmed for both diffusion and mixing by numerical experiments on the heating map introduced by Karney, which exhibits remarkable statistical properties more clearly than the standard map. Its scaling exponents for the two cases, however, are found to be different from each other. § 1. Introduction
The study of chaos has revealed various interesting features of dynamical systems.
)-4)
The chaotic motion is exhibited by most nonlinear systems extending from simple dynamical systems with a few degrees of freedom to complex fluid systems. Indeed even simple maps such as the logistic map, the Henon map and the standard map exhibit extremely rich chaotic motion.l),3) Therefore it would be important to characterize and classify a wide variety of behaviors of chaos physically, and elucidate their universal features from the relevant phase-space structures. 4 ) Dynamical systems are understood from the motion of their state points in phase space. If the motion is chaotic, then the state point moves aperiodically in phase space and its orbit is unstable against a small perturbation. The phase space of a Hamiltonian system generally consists of islands of invariant tori and chaotic seas, and any chaotic sea is in contact with the critical tori encircling islands of tori whose Liapunov exponents are zero, as shown trapped by such a hierarchical structure in the chaos border and stay there for a long time, since the local expansion rate of nearby orbits is nearly zero around the critical tori. Such sticking of chaotic orbits to the islands occurs repeatedly and intermittently, and causes a long-time correlation of chaotic orbits. 5 ) Hence the chaotic motion is not perfectly random.
In order to elucidate how the state point moves in the chaotic sea, let us take a widespread chaotic sea and consider the behavior of a small cell in it that represents numerous state points. The time evolution of a small cell is very remarkable not . only in dissipative systems where the volume of the cell shrinks with increasing time, but also in Hamiltonian systems where the volume is preserved. Figure 2 shows the time evolution of a thin cell in phase space {e, p} of the heating map introduced by Karney. The cell is stretched and folded with increasing time like a drop of milk in a cup of tea, leading to the mixing and diffusion of the cell. Such a complex motion is produced by most Hamiltonian systems with a few degrees of freedom. Indeed the mixing and diffusion of chaotic orbits in phase space have been realized to be the most fundamental feature of chaos since the discovery of the Lagrangian turbulence of fiuids.
In a recent series of papers, we have started to formulate such physical processes as mixing, diffusion and energy dissipation in terms of the phase-space structures. 4 
),8)-12)
It should be noted that, though each of chaotic orbits is unstable against a small perturbation and hence unreproducible, the ensemble average of chaotic orbits over a cell and the long:time average over each chaotic orbit are stable and reproducible so that the statistical-mechanical properties of chaos can be studied by computer simulation. 4 ) r In this paper, we shall study the anomalous behaviors of the diffusion and mixing of chaotic orbits caused by islands of normal tori and accelerator-mode tori by taking the heating map, since the heating map exhibits remarkable statistical properties clearly. In § 2, we consider the heating map and its phase-space structures. In § 3, we introduce the coarse-grained velocity v and its spectrum ¢(v) to study the diffusion of chaotic orbits, and introduce the coarse-grained expansion rate A and its spectrum ¢(A) to study the mixing of chaotic orbits. In § 4, we show numerical experiments on these quantities. In § 5, we obtain a scaling law for the probability distribution functions of v and A by use of Feller's theorem of recurrent events. IS) The last section is devoted to a summary and remarks. § 
Heating map
In relation to plasma heating by the radio-frequency wave, it is known that chaotic ion motion arises due to the nonlinear interaction of the resonances between the cyclotron motion and the wave. Karney demonstrated that the equations of motion for ions in a lower hybrid wave can be well approximated by a twodimensional conservative map and showed that the motion produced by this map becomes chaotic.
The interaction between the cyclotron motion and the wave can be schematized as shown in Fig. 3 . The equations of motion for an ion in the plane {x, y} perpendicular to a magnetic field are
where Q is the cyclotron frequency. If the ion motion does not satisfy the waveparticle resonance condition ;j; = w/kx , then the ion orbit draws almost a circle with radius r=(;j;2+ y2)112/Q. But if the Larmor radius r is larger than w/kxQ, then the resonance-points appear twice per one cyclotron motion, as shown in Fig. 4 . Then, taking the plots of the ion orbit {xU), ;j;(t)} at discrete times every cyclotron motion, Karney reduced Eq. (1) to the two-dimensional conservative map for Xt={Ut, Vt}, (t =0, ±1, ±2, ... ):13) where Pt is the Larmor radius and ()t is the wave phase. This map is the so-called heating map, which gives the change of Pt and ()t every cyclotron motion. Equation (2) is invariant under the transformation
and the time reversal
Hence the phase-space structure in {(), p} is symmetric around the vertical line () =0.25, as shown in Fig. 5 . In the following we shall take d=0.47. Then for A>Ac =0.20565"', all the KAM tori which connect ()= -0.25 to ()=0.75 disappear so that the diffusion in Pt can occur/ 4 ) as shown in Fig. 5(b) . Thus in the parameter range A > A c , there exists a widespread chaotic sea where Pt extends over -= < Pt < =.
In the following, we shall consider the diffusion and mixing of chaotic orbits in this widespread chaotic sea, in which various islands appear, depending on the value of A( > Ac). Let pep; n) be the probability distribution function for Pn (Xo) to take a value around p. If the time series {Pn} may be regarded as a Gaussian random process, then pep; n) obeys the diffusion equation 15 ) (4) where D is the diffusion constant. Then if D is obtained, then we can know the statistical properties of action Pn(Xo). In a particular parameter range, however, the diffusion constant becomes infinity and the diffusion equation (4) breaks down. This anomalous diffusion is due to the iSlands of accelerator-mode. These islands are created around a stable periodic orbit {Xn, (t=l, 2, "', Q) with period Q, which sa tisfies l7 )
where m and n are integers with m + n being a nonzero integer. 
A1=Max(lm-dl, In+d[),
If a chaotic orbit sticks to the accelerator-mode islands, staying among the hierarchical structure of chains of small islands around the accelerator-mode islands for a long time, then the action Pt of the chaotic orbit increases by step Va= ± Vs every iteration. Such sticking to the accelerator-mode islands leads to an anomalous enhancement of diffusion in action.
1O ),16), 17) Indeed it seems that such acceleratormode islands appear for most two-dimensional maps which are periodic in action. In the next section, we shall introduce statistical quantities to characterize statistical properties of such chaotic orbits. § 3. Diffusion and mixing of chaotic orbits
In the parameter range A> Ac there exists a widespread chaotic sea where chaotic orbits diffuse in action p. The adjacent points inside the chaotic sea become separated exponentially by iteration, and information on the position relation of the adjacent points is rapidly lost, leading to the mixing of chaotic orbits in phase space. Therefore we now discuss the statistical properties of the diffusion and mixing of chaotic orbits.
Diffusion and velocity spectrum ¢( v)
We want to know how a thin cell in phase space diffuses with time t. Let 'us consider the diffusion of a cloud of numerous phase points X t whose number is denoted by N. For numerical experiments we take N = for n» 1, where < ... > denotes the ensemble average over the N initial points Xo of the cloud, and n4:..N must be satisfied.
We consider the time series of Ut == Pt+l -Pt which represents the displacement of Pt by one iteration. As mentioned in § 1, the chaotic orbits stick to the accelerator-. mode islands repeatedly. Since the value of Ut in the chaos border is far from its average <Ut>=O, we first study the fluctuations of Ut about its average by introducing the coarse-grained velocity4)
Its probability density is given by P(v; n)==<3(vn(Xo)-V», where 3(g) is the 3-function of g. As n~oo, Vn converges to the average voo(Xo)=<Ut>=O and P(v; n) decays as n~OO. We want to know how P(v; n) decays with time n. We may first assume that the decay is exponential for large n so that there exists the velocity spectrum where Ct==<UtUo> is the time-correlation function of Ut. In general, we have (11) for large n. If Ct has a long-time correlation of the form Ct ex: t-(P-l) with 1 < P' < 2, then the second term of (10) leads to s=3-P'>1, so that (7) and (4) break down with D=oo, leading to ¢(v)=O. This will be called the anomalous diffusion. Indeed such a remarkable situation occurs when an accelerator-mode island exists, as will be shown in § 4.
Mixing and expansion-rate spectrum ¢(A)
We want to know how a small cell in the chaotic sea is mixed with time t. The mixing is indispensable for the diffusion. Let us consider a small cell at X t in the chaotic sea. The small cell is expanded in the local direction along the local unstable manifold and contracted along the local stable manifold, where the area of the cell is preserved for Hamiltonian systems. This process leads to the stretching and folding of the cell, as shown in Fig. 2 , causing the mixing of chaotic orbits. Therefore the mixing of chaotic orbits is characterized by the local expansion rate ,h(Xt ) of a small cell along the local unstable manifold.
The local expansion rate of nearby chaotic orbits at X t is given by4)
where UV1(Xt) is the unit vector tangent to the local unstable manifold at X t and DF(X t ) is the Jacobian matrix of the map F at Xt . The Liapunov exponent of the orbit {Xt } is given by its long-time average (13) We assume that the chaotic sea is ergodic. Then the Liapunov exponent A",(Xo) is independent of the initial point Xo for almost all Xo within the chaotic sea and is simply denoted by Aoo, where Aoo=(,h(Xo» is positive. Nearby chaotic orbits around the islands in the chaos border are not easily separated from each other so that A1(Xt) is nearly zero there and this situation lasts for a long time. This gives a remarkable effect to the statistical properties of A1(Xt). Then it is convenient to introduce the coarse-grained expansion rate 4 ) (14) to know how 
N-oo t=O (15) Similar to the velocity spectrum (9), we introduce the expansion-rate spectrum 4 )
¢(A)==1im¢n(A) with ¢n(A)~ -(I/n)log[P(A; n)/P(AOO; n)] . (16) n-oo
The variance of the sum Sn(Xo) == nAn(Xo) with (Sn> = nA 00 is given by (17) where C/==ct(xt)AiXo» is" the time-correlation function of X1(Xt)==A1(Xt)-Aoo.
In general, we have (18) for large n.· If C; has a long-time correlation of the form C/ ex: r<P -1) with 1 < S < 2, then the second term of (17) Figure 6 shows the an island and encircles the island does not contribute to the sum (7) since [Vn(Xo)]torus =O=<Ut>. Then (10) is determined by the segments of a chaotic orbit which lie inside the chaotic sea, and C t has a finite correlation time so· that (11) reduces to (7) with s=1. Then the coarse-grained velocity (8) obeys the normal distribution
P(V; n)=(n/47ZD)1/2exp[ -nv 2 /4D]
for n .... co , acc~rding to the centtallimit theorem, leading to the normal spectrum ¢(v) (a) 
/4D. Then P(v; n)dv= Jj(x)dx for x=Jmj with Jj(x)=JI/4nDexp[ -x
2 /4Dl Figure 8 shows numerical experiments on ¢n(V) and the scaling of P(v; n) for different values of n with n-:?> 1, justifying the normal distribution (19) . Figure 9 shows numerical experiments on the variance of Pn -Po= nVn(Xo) for A =0.574, where the accelerator-mode islands with Q=3, vs=1/2 coexist. This leads to s"""1.2, which is quite different from the normal case s=1. The variance can be analyzed in the following manner. A chaotic orbit in the chaotic sea sticks to the accelerator-mode islands repeatedly with an inverse-power distribution function fer) of sticking times r; f( r)rx r- Figure 10 shows numerical experiments on the velocity spectrum ¢n(V) defined by (9)for A=0.574, where accelera'tor-mode islands coexist with stream velocity vs=I/2. Four curves with n=100, 200,400, SOO are shown for a cloud of phase points described above (7), where n4;..N must be satisfied. .As n increases, the curve of ¢n(V) becomes flat and approaches the square-well spectrum
W(n)= i: r/(r)rxn-(P-l) (1<p><2)
This asymptotic spectrum can be obtained theoretically by using the thermodynamic formalism of ¢(V),9) and represents the intermittent switching between the two long streams Ut= ± Vs via the chaotic sea. 4 ) According to the law of large numbers, the gerieral form of P(v; n) would be given by
logP(v; n)=-¢(v)n-¢(v)logn+a(v)
for large n, where ¢(v»O. Then (22) leads to the power-law decay
for large n. This is quite different from the normal distribution (19) . In the next section we shall discuss A(v) and ¢(v) explicitly. Figure 11 shows numerical experiments on the convergence of An(Xo) to the Liapunov exponent Aoo for (a) A=0.50 and (b) A=0.574. The convergence is very slow. The time scale n=102~103, however, would be enough for studying large fluctuations of local quantities about their average. Figure 12 shows numerical experiments on the variance of Sn(Xo) for (a) A=0.50 and (b) A=0.574. These justify (IS) with t ~1.33 for (a) and t ~1.29 for (b), which are quite different from the normal case t = 1.
Anomalous mixing with (" > 1
The variance can be analyzed similarly to the previous. A chaotic orbit in the chaotic sea sticks to the visible islands repeatedly with an inverse-power distribution function j(r) of sticking times r; j( r)r:x r-l -i3 , (2) fi > 1) for r~ 1, where exists a finite mean sticking time r.5) During the sticking to the islands, we have nAn-nAoo ' : : : 1. -nAoo since til ' :::1.0 in the chaos border. Then, using the sticking probability of the 
for n'P fe, since 3 -fi > 1. Figure 12 leads to fi ~ 3 -f ~ 1.67 for (a) and fi ~ 3 -f ~ 1. 71 for (b). Thus the normal islands with Vs = 0 make the mixing anomalous though they do not make the diffusion anomalous.
It is quite interesting that, in the case A=0.574, fi ~1.71 (f ~1.29) is different from /1~1.8(s~1.2) clearly. This means that the normal islands with vs=O produce a larger contribution to the variance (25) than the accelerator-mode islands withvs =1/2, and the two kinds of islands give different values of the exponent, indicating that the hierarchical structures of chains of small islands around the two kinds of islands are different from each other. Then the smaller one of /1 and fi , i.e., fi contributes to the variance (25) to produce a larger contribution with a larger exponent f ~ 1.29. Figure 13 shows numerical experiments on the spectrum ¢n(A) defined by (16) for (a) A=0.50 and (b) A=0.574. As n increases, the curve of ¢n(A) converges to ¢(A) =0 for O<A<A"'. This is because the repeated sticking to islands with III =0 brings about the orbit segments with O<A(Xo)<A'" and the probability for such orbit segments to appear decays slowly with n, obeying a power law for n-HYO • This asymptotic spectrum can be obtained theoretically by using the thermodynamic formalism of y'I(A). 8) According to the law of large numbers, the general form of peA; n) for O<A <A= would be given by In this section we shall discuss an anomalous scaling law of the probability distribution functions P(v; n) and peA; n) for the anomalous diffusion and mixing.
P(v; n) for -Vs<V<Vs
The probability distribution function of the coarse-grained velocity (8) would obey a scaling law of the form where Ivl < Vs. Inserting (30) into (28) and comparing with (24), we obtain
for nl>lvl~oo. Figure 14 shows numerical experiments on P(v; n)/P( v; n) vs x=nl>v Inserting (34) into (32) and comparing with (27), we obtain
for n 8 (A -A"') ..... -00. Figure 15 shows numerical experiments on 10g{P(A; n)/P(A"'; 
It has been shown that such a linear part with slope -2 is a universal feature of Hamiltonian dynamical systems, arising from the dynamics of the tangency points of the unstable and stable manifolds. In the present paper, we have studied the anom~lous behaviors of the diffusion and mixing of chaotic orbits due to the intermittent sticking to the islands of tori in terms of the fluctuations of the coarse-grained velocity vn(Xo) and the coarse-grained expansion rate An(Xo) by taking the heating map which exhibits their remarkable features clearly.
There exist two kinds of islands of tOri with streaming velocity Vs >0 (accelerator·mode islands) and vs=O (normal islands), depending on the bifurcation parameter A. Both of these islands produce a long·time correlation of chaotic orbits, leading to anomalous statistical properties. The two kinds of islands, however, produce different contributions to the diffusion and the mixing.
We have found that the probability distribution functions for the fluctuations of Vn(Xo) and An(Xo) obey an identical anomalous scaling law of the form (28) and (32) with 0.5>0', a >0, and'the scaling exponents a, a are given by (29) and (33), where /3, P can be obtained from the variances. The anomaly is brought about by the intermittent sticking of chaotic orbits to the islands of tori. The statistical properties of the diffusion and mixing, however, are different at even the same value of parameter A; indeed, we have /3=2, 0'=0.5, P =1.67, a =0.40 for A=0.50, d=0.47 where no accelerator-mode islands coexist, and /3=1.8, 0'=0.44, P =1.71, a =0.42 for A=0.574, d=0.47 where accelerator·mode islands coexist. The reason is the following. For A=0.50, the value (:::::<0) of Vn in the chaos border is equal to the average value Vn (=0), whereas the value (:::::<0) of An in the chaos border is different from the average value Aoo(:::::<1.09). This leads to the fact that the diffusion is normal, whereas the mixing is anomalous. For A =0.574, however, the value (= ± vs) of Vn in the chaos bOrder with the accelerator-mode islands is different from the average value Vn( =0), so that both the diffusion and the mixing become anomalous. The values of /3 and P , are,however, different from each other, since the accelerator-mode islands and the coexisting normal islands have different structures of the islands-around·islands hierarchy. Indeed, the numerical experiments imply that the coexisting normal islands produce a larger contribution to the variance of Sn=nAn(Xo) than the accelerator-mode islands, and the deviation Llt== t-l=2-/3 is produced by the accelera tor -mode islands, whereas Ll ~ == ~ -1 = 2 -~ is produced by the normal islands in both the cases of A=O.50 and A=O.574.
Thus the statistical properties of chaotic orbits in a chaotic sea are drastically influenced by what kinds of islands exist in the chaotic sea. It should be noted here that, though each of the chaotic orbits is unstable and unreproducible, their statistical properties over a long time are stable and reproducible.
These anomalous statistical properties are expected to hold for other twodimensional maps which are periodic in action. Indeed, we have shown that such anomalous features also hold for the standard map,8)-IO) though the difference between /3 and ~ was not clear in this case. It is also worth noting that such anomalous properties of the mixing and diffusion have been found observable even in the timedependent laminar flows such as oscillating Rayleigh-Benard convection with a large aspect ratio whose Poincare map is periodic in the roll position.ll),20) Thus it turns out that these statistical properties of the mixing and diffusion of chaotic orbits give the universal features which are generally valid for the widespread Lagrangian turbulence of fluids as well as the widespread chaos of the two-dimensional periodic maps. In order to establish this important fact, however, we need further investigation from the viewpoint of dynamical systems.
